By examining the impact of an increase in correlation among underlying assets on the value of a collateralized debt obligation (CDO) equity tranche, we show that, contrary to general perception, CDO equity can be short on correlation. Specifically, when the underlying reference portfolio comprises high quality assets (assets with low probability of default) or diverse assets (assets with low correlations), the upfront price of a CDO equity tranche can increase with correlation. The implication of our findings is that not all senior and equity tranche trade combinations provide effective correlation hedging. In fact, in some cases, this type of 'hedge' might actually increase the correlation risk.
Introduction
Collateralized debt obligations (CDO) became very popular investment vehicles in recent years until the financial crisis that started in summer 2007. As evidenced by the recent crisis, there was a failure by market participants to understand the complex relationships between various risk drivers such as correlations and their impact on the credit worthiness of different tranches across a CDO capital structure. As a step in the direction of understanding these risks, we examine the impact of correlation on the value of a CDO equity tranche.
CDO equity tranches became particularly popular in the marketplace in an era of tight credit spreads as they offered reasonably high returns. Since equity tranches are the riskiest first loss tranches, they earn high spreads or upfront payments to compensate for the higher default risk. For instance, for the CDX North America Investment Grade and iTraxx Europe Investment Grade index tranches, the equity tranche is denoted as a 0-3 tranche 1 and is responsible for covering the first three percent of losses in the underlying index that typically comprises an equally weighted portfolio of 125 reference obligations.
Equity tranches are perceived to be long on correlation, i.e. an increase in correlation across underlying credits is supposed to reduce the risk to the equity tranche investor. For example, Bond Market Association's Synthetic CDO Primer [2005] states that the seller of equity tranche protection wants correlation to increase, and equity tranche spreads compress as correlation rises.
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The common explanation for this is that any increase in correlation increases the likelihood of extreme events in the underlying portfolio's loss distribution. Since losses on equity tranches are capped at the detachment point of the tranche, an increase in the likelihood of positive extreme events (corresponding to zero or very few defaults) should be beneficial to an equity tranche i.e.
the value of equity tranche should increase, while a corresponding increase in the likelihood of negative events (corresponding to a very high number of joint defaults)
should not hurt it since losses are capped. (See Hull and White [2004] for a detailed discussion).
In this paper, we show that when correlations across assets increase, a CDO equity tranche does not necessarily become less risky. On the contrary, the value of an equity tranche may decrease (i.e. the fair spread or upfront price can increase) as correlations increase. The reason is that even though an increase in correlations across assets does not increase the physical likelihood of default for the underlying reference obligations, it increases their systematic risk and thereby their risk neutral probability of default if increases in systematic risk get priced in the market. In certain cases, this increase in risk neutral default probabilities can outweigh the beneficial impact of high correlation on the equity tranche, thereby reducing its value. Moreover, correlations typically increase in periods of market declines along with a concurrent increase in the market price of risk during market collapses. This further exacerbates the negative effect of increased correlation on the value of CDO equity. 3 Thus, contrary to general belief in the market, CDO equity is likely not to be long on correlation in the real world.
To examine how CDO equity value is affected by an increase in correlation across assets, we conduct a Monte-Carlo simulation analysis. The motivation for using a MonteCarlo analysis is that it allows us to control for the impact of various risk factors that drive CDO equity values and thus look at the effect of correlations in isolation 4 . We do however provide empirical support for our results as well.
Our model is the industry standard one-factor Gaussian copula model of CDO pricing introduced first by Li [2000] . 5 We consider a reference portfolio of 125 credit default swaps (similar to the CDX.NA.IG index), each with a tenor of 5 years. We explore the pricing of the 0-3 tranche (equity tranche) on this portfolio.
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Following industry practice, we assume a certain initial identical correlation across all assets and obtain the risk neutral probability of default from the parameters of the model. Then, using the Merton [1974] model, we transform risk neutral default probabilities to physical default probabilities. Keeping the physical default probabilities constant, we increase the correlation across all assets. Since correlation is directly tied to the systematic risk of an asset in our model, this leads to an increase in the risk neutral probability of default even though there is no change in the physical default probability. We then examine the impact of an increase in correlation on the value of standardized CDO equity tranches.
Our results suggest that when correlation across assets increases, the detrimental effect of an increase in risk neutral default probabilities on the value of a CDO equity tranche can very often be substantial. Specifically, when underlying assets are of high quality or when the initial correlation across assets is low i.e. when the portfolio is well diversified, CDO equity tranche value decreases when correlations rise. Thus CDO equity can be short on correlation.
Since the general perception in credit markets is that CDO equity is always long on correlation while more senior tranches are not, equity tranches are used not only for investment purposes but also in combination with more senior tranches for hedging against correlation movements. The implication of our findings is that not all equity tranche trades provide effective correlation hedging. In fact, in some cases, the 'hedge' might actually increase the correlation risk.
The rest of the paper is organized as follows: Section 2 explains the underlying model and the simulation methodology. Section 3 presents and discusses the impact of an increase in correlation across assets on CDO equity tranche value . Section 4 concludes.
Model and Simulation Methodology

Model
The industry standard default time model that is used to price CDOs captures default dependency through a one-factor Gaussian copula function. The objective of the standard default time model is to determine the timing of losses on a collateral portfolio by taking into account the default probabilities of underlying assets, their correlations and assumptions about recovery in the instance of default. The one-factor Gaussian copula model introduced by Li [2000] became popular in the industry since it is easy to implement and computationally efficient.
Assume that there are n firms or assets. Let t i be the default time of i th firm and P i (t) be the cumulative probability of firm i defaulting before time t, i.e. probability that t i < t. Define the asset return for firm i, X i , i = 1,2..n, as follows:
Here, S (systematic factor) and Z i (idiosyncratic factor) are independent and have standard normal distributions. Note that all firms are subjected to the same systematic factor S and thus by construction, the correlation between X i and X j is a i a j and X i has a standard normal distribution. The normal variates X i can be transformed to uniform . Accordingly, the default intensity,  i , and risk neutral probability of default of firm i, P Q i , are as follows:
Since s and LGD are assumed to be the same for all assets, default intensity and risk neutral probability of default is identical for all assets in the portfolio.
In this paper, our objective is to examine how an increase in correlation across assets affects the value of CDO equity tranches even when physical default probabilities do not change. Therefore, we first transform risk neutral default probabilities derived from spreads to physical or 'real-world' default probabilities using the results of the Merton [1974] model 10 . In Merton's model, the value of a firm, V, follows a geometric Brownian motion with mean  and volatility , where W(t) is a Weiner process.
Assume that D is the outstanding debt of the firm. The firm defaults if V<D. Accordingly, assuming r is the risk-free rate, the physical and risk neutral cumulative probabilities of default between time 0 and t, P t and P Q t , respectively, are as follows:
Using the above equations, we can express physical and risk neutral default probabilities as follows:
We next consider a CAPM (Sharpe [1964] , Lintner [1965] ) type model where the excess return on asset i is a linear function of the systematic (or market) factor S
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. Since the correlation of asset i with S is a in the above model, we have:
where  is the market price of risk defined as the standardized excess market return.
Using equations (7), (8) and (9), we can thus transform risk neutral and physical default probabilities to each other as follows:
As evident from equation (11), the risk neutral probability of default depends not only on the physical probability of default but also on the asset correlation. This is because the systematic component of an asset's return is tied to its correlation. As long as systematic risk is priced in the market i.e. the market price of risk is positive, an increase in correlation should lead to a corresponding increase in the asset's spread as compensation for bearing the additional systematic risk, which in turn leads to an increase in the asset's risk neutral default probability. This characteristic is detrimental to the value of the CDO equity but typically ignored in standard CDO analysis. Hence it is important to examine to what extent this may impact CDO pricing.
To accomplish this objective, we first determine the risk neutral default probability term structures, P Q t from a given (market observed) index spread as per equations (2) and (3), in conjunction with certain LGD assumptions. We then convert these to physical default probabilities P t using equation (10). Keeping the physical probabilities constant, we increase correlations by increasing a i.e. the loading on the systematic latent factor. Accordingly, we find 'new' corresponding risk neutral probabilities from equation (11) and estimate new CDO equity tranche prices. This allows us to examine how an increase in correlation affects CDO equity tranche values even though physical default probabilities remain unchanged. Furthermore, we explore whether the increase in risk neutral default probabilities through a rise in correlation can be detrimental to the CDO equity tranche values. Our valuation technique in this paper employs Monte-Carlo simulations, which is described in the next subsection.
Methodology
Our reference portfolio consists of 125 names, as in the CDX.NA.IG index. We consider a tranching structure similar to the CDX.NA.IG index such that the first-loss equity tranche is a 0-3 tranche i.e. responsible for covering losses from 0 percent to 3 percent in the reference portfolio. For pricing purposes, we model the equity tranche as earning a running spread of five percent and trading on an upfront fee basis 12 -once again to capture the characteristics of the actual CDX.NA.IG 0-3 tranche that trades on similar terms. Using the model discussed above, we generate default distributions for different levels of correlation and spread. We consider initial correlations from 0 to 50 percent in increments of 5 percent, and initial index spreads of 25, 50, 100, 250 and 500 basis points. We also use actual CDS spreads on September 22, 2005.
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We assume a fixed recovery rate on defaulted names of 50 percent and consider the LIBOR term structure as on September 22, 2005 as the risk-free term structure for discounting the cash flows of the tranches. Accordingly, we obtain model upfront prices of the equity tranche that are reported in Table 1 .
We next transform risk neutral probabilities of the underlying obligations in the reference portfolio to physical probabilities using equation (10). We consider market price of risk as 20 percent, 40 percent and 60 percent 14 . Keeping the physical default probabilities constant, we increase asset correlations by 1 and 5 percentage points. We then calculate the corresponding risk neutral probabilities using equation (11) and use these 'new' risk-neutral probabilities for valuing CDO equity tranches. We explore the impact of an increase in correlation across assets on equity tranche values as a function of certain portfolio and market characteristics, i.e. as a function of the initial asset correlations and spreads, as well as the market price of risk. As a result, we examine 198 cases (11 initial correlations x 6 initial spread levels x 3 market price of risk = 198). We run 200,000 simulation trials to value each equity tranche.
CDO Equity Tranches: Can They Be Short on Correlation?
We have highlighted earlier the general perception in structured credit markets that CDO equity is always long on correlation. An increase in the correlation across assets is considered beneficial for CDO equity since its losses are capped whereas the upside potential increases when correlation rises. As an example, consider a physical default distribution for a portfolio of 125 credits over a 5 year horizon assuming that annualized physical default probability of each credit is 2 percent. Figure 1 shows this distribution when homogenous pair-wise correlations increase from 0 percent to 30 percent in 10 percent increments. As evident from the figure, when correlations increase, the thickness in the positive and negative tails of the distribution increases. The greater likelihood of zero or very few defaults with higher correlation, holding everything else constant, makes correlation beneficial for the first loss tranche investor i.e. makes CDO equity long on correlation. However, we have made the case that as correlation across assets increases, so does their systematic risk and hence their corresponding risk neutral probability of default, even though physical probability of default may not change. Therefore, it is important to examine how an increase in asset correlations affects CDO equity tranches by also considering the impact of the increased correlations on risk neutral default probabilities.
We first obtain the results of the base model, where the default probabilities are determined using the parameters mentioned in the previous section. The equity tranche values for the base model are given in Table 1 . In Table 1 , the 0-3 equity tranche prices are quoted as upfront fee for different levels of correlation and index spreads. The 125 credits comprising the index are considered to be homogenous. They have the same pairwise correlation and CDS spread is equal to the index spread. One can observe that for a given index spread, an increase in correlation across assets is beneficial to the CDO equity tranche investor as the price of the CDO equity tranche declines, reflecting a lower risk or lower loss expectation. However, this interpretation assumes that increasing the correlation across assets has no impact on individual assets' systematic risk or their spread.
We therefore explore how an increase in asset correlations affect CDO equity values by also considering the impact of correlations on risk neutral default probabilities.
It is also important to note that correlations generally increase when markets decline and are usually associated with an increase in the market price of risk during stressed times, as evidenced in the recent financial crisis.
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Thus, while we consider three scenarios corresponding to 20, 40 and 60 percent as the market prices of risk in our simulations, the more 'representative' real-world scenario is the one where correlations increase when market price of risk is high i.e. 60 percent.
We re-estimate model prices for the 0-3 equity tranche for a 1 percent and 5 percent increases in correlation and examine the impact of the increase in correlation on the value of CDO equity tranches. The underlying assumption is that the 'real-world' or physical probabilities of default between the case in Table 1 and current cases do not change. Increasing the correlation across assets, however, increases the systematic risk of the underlying assets in our model as in equation (11). This implies that even though physical default probabilities do not change, risk neutral probabilities increase as long as there exists a certain (greater than zero) market price of risk. the index constituents are high quality names, an increase in correlation always leads to an increase in equity tranche price -highlighted by bold fonts in the table. In these cases, the detrimental effect of an increase in risk neutral default probability due to a rise in systematic risk outweighs the beneficial impact of an increase in the real-world likelihood of having few or no defaults. Thus CDO equity is short on correlation. On the other hand, when the initial index spread is high i.e. the index constitutes high yield names, an increase in correlation has a beneficial impact on equity tranche values as long as the initial correlation level is not too low. These cases are consistent with the general perception that CDO equity is long in correlation.
Note that when the initial index spread is low implying that the constituents are high grade names and the physical default probability P t is small, the term t a in equation (11) gets a higher relative weight. Therefore, the marginal impact of an increase in correlation across assets on the risk neutral default probability is large. In this case, the negative impact of an increase in risk neutral default probability due to an increase in correlation overcomes the positive impact of an increase in the probability of zero or small number of defaults. As a result CDO equity becomes short on correlation. When the initial index spread is high implying physical default probability itself is high, the term t a loses its relative impact on risk neutral default probabilities in equation (11).
In such cases, an increase in correlation across assets is beneficial for CDO equity tranche value making it long in correlation. Also as shown in Figure 2 , for a given physical probability of default, increasing correlation leads to an increase in the risk neutral probability of default. One can also observe that for a given level of correlation, the slope of the risk neutral default probability decreases as physical default probability increases. Hence the ratio of the risk neutral to physical default probability is higher for lower values of physical default probability but eventually converges to one as the physical default probability increases to 100 percent.
As the market price of risk decreases, risk-neutral default probabilities and physical default probabilities converge to each other. We therefore estimate CDO equity fair-prices with a reduced market price of risk to explore whether even in the presence of less risk-averse sentiment in the market, CDO equity can still be short on correlation. Table 2 Panel B shows the values of CDO equity tranches when market price of risk is 20 percent and when underlying asset correlations increase by 1 percent and 5 percent.
Supporting our previous findings, we observe that when the initial portfolio has low average spread, i.e. high credit quality, an increase in underlying asset correlations has a detrimental effect on the value of an equity tranche when the initial underlying correlations are not very high. In fact, even for poor quality or high spread portfolios, when the initial correlation levels are low i.e. when the initial portfolio is diversified, an increase in correlation makes the equity tranche more risky. Our previous finding that the equity tranche can be short on correlation either when the underlying CDO reference pool is of high quality or when it comprises assets with low correlations appears to hold even in cases where the market price of risk is less than historically observed levels of 40 to 50 percent.
We next investigate the impact of a change in the market price of risk in the other direction. As market price of risk increases, risk-neutral default probabilities and physical default probabilities diverge even more than in the 40 percent case. One can therefore anticipate more instances where CDO equity is short on correlation. Table 2 Panel C shows the values of CDO equity tranches when the market price of risk is 60 percent and the underlying asset correlations increase by 1 percent and 5 percent. We observe more cases where CDO equity tranche is short on correlation either when the underlying CDO reference pool is of high quality or comprises assets with low initial correlations. Thus when market price of risk is at more elevated levels than observed historically, CDO equity can be short on correlation more often. Note that in our simulations we control for the level of the physical probability of default. In real life, however, increased correlations are typically observed during market declines which also correspond to higher defaults, credit quality deteriorations as evidenced by ratings downgrades and a general increase in default expectations in the market. This observation suggests that the adverse affect of correlation on CDO equity tranches is likely to be more severe than that is observed by simulation.
To provide some empirical support for our findings, we first use actual CDS spreads observed for the 125-name basket of constituents that comprise the CDX.NA.IG.5 index to examine the impact of an increase in asset correlations on the value of the 0-3 equity tranche. Our CDS data are from Markit and are as of the September, 22, 2005 . Table 3 shows the 'fair' prices for the 0-3 equity tranche as well as the prices for this tranche when underlying asset correlations are increased by 1 percent and 5 percent, respectively. Once again we consider the market price of risk as 20 percent, 40 percent, and 60 percent. For the investment grade universe, the results seem unequivocal: CDO equity is short on correlation under historically observed market price of risk levels between 40 percent and 60 percent. Even in more benign conditionscorresponding to a market price of risk of 20 percent in our analysis, CDO equity can become more risky if the underlying reference obligations come from a diverse pool i.e. have low initial correlations. In these instances, any increase in correlation leads to a relatively large change in the systematic default risk of these underlying reference entities.
As a result, CDO equity tranches can be short on correlation.
We next look at the performance of CDO equity tranches during the recent financial crisis when correlations increased substantially. While we acknowledge that the implied correlation for an equity tranche as measured from its spread or price may not be a very good measure of the 'true' underlying asset return correlations, it is nonetheless a common measure of correlation used in the marketplace. Moreover, implied correlations are highly correlated with 'true' correlations in the sense that an increase (decrease) in 'true' correlations results in a higher (lower) model implied correlation 18 . In this respect, we examine the behaviour of tranche correlations and the corresponding CDO equity prices during the recent market downturn where both systematic risk and market price of risk rose to high levels. Figure 3 shows the tranche correlation versus the upfront price for the 0-3 equity tranche for our sample period. As expected, tranche correlations increase as the financial crisis unfolds and the level of systematic risk and risk aversion increases in the market.
However, contrary to the expectation of CDO equity becoming less risky as correlations increase, the upfront price of the 0-3 tranche moves in tandem with the correlation measure. In other words, higher correlations demand higher premiums from the sellers of protection on the 0-3 equity tranche suggesting that CDO equity was short on correlation during the financial crisis.
It is important to note that since historically observed increases in correlation occurred mainly under stressed market conditions, rising correlations almost always lead to higher instances of joint defaults but rarely translate to higher probability of upside events. This is because as markets start moving up, correlations decline as idiosyncratic risk becomes the predominant form of credit risk in the market. Thus the higher possibility of few or no defaults in a credit portfolio model due to increasing correlations, which is the basis of the perception of CDO being long on correlation, is likely not to be realized in practice. In other words, correlation is endogenously related to market movements and to increase correlations assuming ceteris paribus conditions leads to the misperception that the upside potential benefiting CDO equity increases making the tranche long on correlation. 
Conclusion
The recent financial crisis has brought to the fore the importance of understanding the risks behind structured finance products and especially CDOs. There is a general perception among participants in structured credit markets that correlation is beneficial for CDO equity tranche investors -a notion which is referred to as CDO equity being long on correlation. This view is based on the argument that an increase in correlation among the underlying reference assets of a CDO leads to a higher incidence of zero or few defaults in the collateral pool that increases the value of an equity tranche in a CDO structure. In this paper, we show that, contrary to the general market perception, CDO equity can in fact be short on correlation.
Changes in correlation not only affect the physical default distribution of a CDO pool of assets but also the risk neutral default probabilities of the underlying assets since correlation is tied to the systematic risk of a credit obligation. For a CDO equity tranche, the impact of these two factors on the tranche value is in opposite directions. While higher likelihood of zero or no physical defaults benefits it, higher risk neutral default probabilities due to an increase in systematic risk increases its risk. Using a simulation study with standard one-factor Gaussian copula model and a structure similar to the CDX.NA.IG index tranches, we show that CDO equity price can actually increase with correlation i.e. CDO equity can be short on correlation. Furthermore, we support this finding with empirical evidence from the recent financial crisis.
We find that CDOs that hold high quality investment grade names in their collateral portfolio are more likely to have equity tranches that are short on correlation.
For poorer quality collateral pools comprising high yield or sub-investment grade assets, assets, unless the initial correlation across assets are very low. The notion of equity tranche being long on correlation could thus be valid for such types of CDOs.
Table 1 CDO Equity Prices for the Base Model
This table reports CDO equity tranche (0-3 tranche) upfront prices obtained from a one-factor Gaussian copula model for different initial correlations and index spreads. Running spread is assumed as 5 percent. The reference portfolio consists of 125 credits. Recovery rate is assumed as 50 percent. The index spreads are given in the first column and reported in basis points. The initial correlations vary between 0 to 50 percent with 5 percent increments. The CDO equity upfront prices are given in points. 
Table 2 CDO Equity Prices When Correlations Across Assets Increase
This table reports CDO equity upfront prices obtained when correlations increase by 1 and 5 percent without any change in the physical probability of default. Running spread is assumed as 5 percent. Base model prices for comparison are given in Table 1 . Cases where equity becomes more risky when correlation increases are in bold. The reference portfolio consists of 125 credits. Recovery rate is assumed as 50 percent. The index spreads are given in the first column and reported in basis points. The initial correlations vary between 0 to 50 percent with 5 percent increments. The CDO equity upfront prices are given in points. Panel A, B and C reports the upfront prices of CDO equity values when market price of risk is considered as 40%, 20%, and 60%, respectively. This figure shows the physical default distribution for a portfolio of 125 credits as correlation across credits increases from 0 percent to 30 percent with 10 percent increments. All credits have a constant annualized physical default probability of two percent and the default horizon is five years. 
Probabilities
This figure shows the risk neutral probabilities of default corresponding to the physical probabilities of default for different correlation levels (a). Market price of risk is assumed to be 40 percent. When correlation is 0 percent (i.e. a = 0%), risk neutral probability of default is equal to the physical probability of default. 
